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ABSTRACT:

The Diophantine equation of degree two with three unknowns represented by
5x2 + 2y? = 7z? is investigated for its non-zero distinct integral solutions. A few interesting

relations between the values of x, y z and special numbers are presented.
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INTRODUCTION:

A ternary quadratic Diophantine equation is an algebraic equation involving three variables,
each appearing with degree two, where only integer solutions are considered. Such equations
play an important role in number theory because they help in understanding relationships
between integers and their structural properties. The equation 5x2 + 2y? = 7z% is a
homogeneous quadratic Diophantine equation, and the main objective is to determine whether

it admits a non-trivial integer solutions and to study the method used to obtain them.
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METHODS OF ANALYSIS:

PROBLEM:

The Ternary Quadratic Diophantine equation to be solved for its non-zero distinct integral
solution is
5x% + 2y% =7z (1)

Three different patterns of solutions of (1) are illustrated below:

Pattern 1:
5x2 + 2y% =72z
Using linear transformation,

x=u+2v;,y =u-— 5 (2)
To substitute (2) in (1)
5(u + 2v)% + 2(u — 5v)% = 7z
5(u® + 4v* + 4uv) + 2(u® + 25v* — 10uv) = 7z2
5u® + 20v* + 20uv + 2u® + 50v* — 20uv = 7z?
5u* + 2u® + 20v* + 500V = 7z
7u® + 70v* = 7z2
Dividing by 7,

u® + 10v* = z? ©))

Changing above equation into a parametric form,
u? + (V10 v)? = 72
By using the solutions of Pythogorean Diophantine equation
u = 10m? — n*v = 2mn
z = 10m? + n? where m and n are integers.
Substituting u, v values in (2),
x = (10m* — n*) + 2(2mn) = 10m* — n* + 4mn

y = (10m? — n®») — 5(2mn) = 10m* — n* — 10mn
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z = 10m? + n?

Therefore,

x = 10m? — n? + 4mn
y = 10m? — n?> — 10mn
z = 10m? + n?

Hence integer solution of equation (1) is obtained.

Properties:

D u* + 10v?* = u*(mod 5)

2)u? + 10v? = u?(mod 2)

3)u? + 10v? = u?(mod 10)

A u? + 10v* = u® + 2v*(mod 4)
5 u? + 10v? = u® + 3v% (mod 7)

Pattern 2:
From Pattern I, we reduce the equation:
u? = z% — 10v?
Suppose that
u = a®* — 10b? (4)

Using (4) equation in the above equation

(a + VI0b)“(a — vI0b) = (+VI0v)(z — vIOv)  (5)

coefficients on both sides of equation (5), we get
z = a* + 10b% v = 2ab
From equation (2):
xX=u+2v,y =u— 5v (6)
Substitute u = a® — 10b*,v = 2ab in (6)

X =u+ 2v
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= (a® — 10b®) + 4ab
x = a? + 4ab — 10b?

y =u—5v

y = (a* — 10b*) — 10ab = a* — 10ab — 10b?
x = a* + 4ab — 10b?

y = a* — 10ab — 10b*

z = a® + 10b?

Properties:

Dx = a’ + 4ab — 10b?> = a? + 4ab (mod 5)
2)z = a’ + 10b? = a*(mod 5)

3)z = a’ + 10b? = a? + 3b?(mod 7)

4) x? + 2y’ = 0 (mod 7)

5) x? + 2y?% = z% (mod 7)

Pattern 3:
Write the reduced equation from 1:
u’ + 10v? = z?2

u?+ 10v2 = z%2x 1 (7)
u? = z?2 — 10v?
Assume that

z = a’+ 10b? (8)
Write identity 1 in the quadratic ring (z iV10) using the norm:
32+ 10-22 =9+ 40 = 49 = 72

1 = (3 + 2iV10)(3 — 2iV10) / 49 (9)

Using equations (7), (8), (9) and employing the method of factorization:
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u + iV10v = 1/7 3 + 2ivV10)(a + V10 b)? (10)
Compute:
(a + iV10b)? = (a? — 10b?) + V10, (2ab)
Multiply by the unit 3 + 2iv/10/7 and compare real and iv'10 parts to obtain
u = 1/7 (3(a? — 10b?)} — 20(2ab)

u = 1/7 (3a’? — 40ab — 30b?) (11)
v = 1/7{2(a’ — 10b?} + 3(2ab)
v = 1/7 (2a®? + 6ab — 20b?) (12)

Our need is integer solutions, so choose a,b.
So the numerator of (11) & (12) are divisible by 7.
Puta = 7A,b = 7B in (11) & (12)
u = 7(3A? — 40AB — 30B?)
= 21A? — 280AB — 210B?
v = 7(242 + 6AB — 20B?)
= 14A% + 42AB — 140B*
z = 4942 + 10B?
Comparing integer solution of x, y, z
X =u+ 2v
= 4942 — 196AB — 490B’
y =u-—>5v
= —49A4% — 4904AB + 490B’
z = 49A% + 10B?

Properties :

1)x+y=0((nod?2)

2)x—y =0 (mod2)

3.) x = 49A4% + 49B% =0 (mod 7)

4)x =y =0 (mod 14)

5)x =y =0(49)

The above equation represents non-zero distinct integral solution of equation (1) on two

parameters.
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CONCLUSION:

The equation 5x? + 2y? = 7z? is a quadratic Diophantine equation, where we seek integer
solutions for x,y, and z that satisfy this equation. Such equations are important in number
theory and have applications in areas like algebraic number theory, cryptography, and quadratic

forms.
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